Farey Sequences

Definition
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[image: image1.wmf])

(

n

F

is a complete sequence of reduced form rational fractions in the range 
[image: image2.wmf][

]

1

..

0

 of the form 
[image: image3.wmf]ï

þ

ï

ý

ü

ï

î

ï

í

ì

<

<

<

=

1

1

.....

1

0

)

(

0

0

p

p

b

a

b

a

n

F

 with 
[image: image4.wmf]n

b

j

£

 for 
[image: image5.wmf]j

"

. The sequence is complete in the sense that, given a Farey sequence as defined above, we can find no rational fraction 
[image: image6.wmf]q

p

 with 
[image: image7.wmf]n

q

£

 such that 
[image: image8.wmf]1

1

+

+

<

<

j

j

j

j

b

a

q

p

b

a

. 

Theorem

Given a Farey sequence 
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Proof

Proof is by induction. For 
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The complete proof will use the following 4 lemmas.

Lemma 1

There exists integers 
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Proof

Choose 
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Lemma 2

After merging, no two consecutive members of 
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Proof

This follows directly from Lemma 1 since 
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Lemma 3

Given a Farey sequence 
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Proof

This follows directly from the theorem 
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This applies for all 
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From Lemma 2 we have some 
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Consider the rational fractions 
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Lemma 4
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Proof
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Assume 
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which follows from Lemma 3.  But 
[image: image71.wmf]0

)

1

(

1

>

+

-

Þ

>

+

n

a

b

k

b

a

n

k

j

j

i

j

j

i


Since 
[image: image72.wmf])

1

(

+

-

n

a

b

k

j

j

i

 is an integer, our original assumption is false and 
[image: image73.wmf]j

j

j

j

i

b

a

b

n

a

k

³

-

+

-

+

+

1

1

1

. Since 
[image: image74.wmf])

(

1

1

1

n

F

b

n

a

k

j

j

i

Î

-

+

-

+

+

, 
[image: image75.wmf]j

j

j

j

i

b

a

b

n

a

k

=

-

+

-

+

+

1

1

1

because there is no rational fraction 
[image: image76.wmf])

(

n

F

q

p

Î

 such that 
[image: image77.wmf]1

+

<

<

n

k

q

p

b

a

i

j

j

 as 
[image: image78.wmf])

(

n

F

 is complete. 

The second equality can be proved using a similar technique
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This proves Lemma 4.

From Lemmas 3 and 4, the proof of the theorem follows directly.
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Thus the equality holds in this case also. 

We have thus proved by induction that if the equality holds for 
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which completes the proof of the Theorem.
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